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Classification Statistics Z* and Z

sionality causes 2 considerable increase in
D, the statistic Z seems a better choice in
reducing probability of misclassification.
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with

A, = iD-0{403(D? + 2) + 4D6D? + 2)
+ 0[D* + 2D?(3p + 3q + 5) + 8p]
+2Dp+q+ 1)), 2.8)

*
as the coefficient of 1/4N in 2} | L(—6N/
(N + 1); D). The term B, is composed as

Ahmed Zogo Memon

B, =B, + B, + B, 2.9)

t*hese being coefficients of:k 1/8N? in X,
L{(=6N/(N + 1); D), 4[ 2, L(~6N/(N + 1);
DF and 5., Q(~6N/(N + 1); D) res.
pectively. Note that the terms I: and (3ij
are defined in the paper (7). The coefficients
in (2.9) are obtained as

B, = —D~%2[46’3D? + 8) + 8DO(D? + 3) + D* + 2D*(3p + 3q + 7) + 16p], (2.10)
By, = A1, @2.11)
Bj; = 4D %0 {86°(7D* + 24D? + 12) + 246“D(3D* + 10D? + 4)

+ 0°[30D¢ + 3D*Q29p + 29q + 95) + 24D*(10p + 7q + 17) + 48p]

+ 40’D[D* + 3DX(5p + 5q + 11) + 6(6p + 5 + 9)]

+ 30D D*(3p + 3q + 5) + 2D*6p? + 6q’ + 12pq + 19p + 19q + 15)

+ 8(3p” + 4pq + 4p)] + 6D(p + q + 1)3. (2.12)

6D 62N? :l where
Now exp |— + can
[ 2N+ 1) 2N+ 1y A,= —-0D/2 — 97, 2.14)

be expanded with respect to N-! as

(1+ AN+ B/2N? + .. )e'™  (2.13)

$,0) = (I + A/4AN + B/8N* + ..

B,= 6%+ 6°D + 6%(D¥4 + 3) + 6D. (2.15)
Using (2.6), (2.7) and (2.13) we have

Y+ AN + By/2N2 + .. )etn

= [1+ (A, + 4A,)/4N + (B, + 4B, + 2A A,)/8N? + .. Jer

- [1 . ﬁal(e) + Lo+ ..

8N?

a,(6) and a,(0) are found to be as in (2.2) and
(2.3). The use of Cramer’s method (2, p. 225)
of inverting a characteristic function of the
above form completes the proof.

Since by iqkterchanging X¥ and X% in (1.1)
we obtain —Z, the following result is easily
derived from above theorem.

Theorem 2
F(z| ;) = 1 — [1 + a,(d)/4N +
a,(d)/8N? + O,]®(—~z). (2.17)

Corollary: The probability of misclassifying
an observation into 7, when it comes in fact
from =, is given by

{1 —[1+ a(d)y/4N +

ay(d)/8N? + O0,]0(2)},.p,.  (2.18)

2
J e,

The other probability of misclassification has
the same expression.

The above corollary follows from Theo-
rem 1 and the procedure proposed in classify-
ing an observationintoitsrelevant population
in the first section of this paper.

(2.16)

Remarks: Taking q = 0in (2.1) the distribu-
tion of Z statistic is obtained asin (8).

Table 1 of (8) shows that the probability
of misclassification decreases as the dimen-
sionality p decreases or the Mahalanobis
distance D? increases, when Z is used as a
discriminant function. The terms a,(d) and
a,(d) when compared with similar terms in
(8) indicate a genera}‘ increase in dimension-
ality. But as inusing Z, D:anreases, it follows
that the superiority of Z over Z depends
mainly on q and D. In situations where the
introduction of a covariate of small dimen-
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being the Mahalanobis distance*between 7,
and #,. Asymptotically, 2D)"' (Z + D*)isa

13

(i + D?) when (%) comes from 7, is given by

Fzi=)) = (1 + a,(d)/4N

standardized normal variate. We shall obtain

2
its distribution when N, = N, = N. + a,(d)/8N? + O,) ®(2)

@.1)

where d = d/dz, @(z) is the cdf of N(O, 1),
0, is the third order term with respect to N~
and

Theorem 1: 1f D > 0, an asymptotic ex-
pansion of the distribution of (2D)"1

a,(d) = %D‘2[4(D2 + 2)d* + 4D(D? + 2)d3 + [D“ +2D3p +3q+ 1) + 8p]d2

+2D%p + q — l)d] (2.2)
a,(d) = D*“[(D2 + 2pdE + 2D(D? + 2)4d7 + {9D° + 2D*9p + 9q + 46)
+ 12D2(5p + 3q + 19) + 48(p + 2)|dS
+ ID[D¢ + 2D%4p + 4q + 13) + 8D*(3p + 29 + 10) + 16(p + 2)]d°
+L (D8 + 4DS(Tp + Tq + 17) + 4D*[9(p + q)* + T6p + 72q + 135]
+ 32D?(3p? + 3pq + 2lp + 14q + 18) + 64p(p + 2)td*
+ LDYD‘3p + 3q + 5) + 18DY(p + q) + 6p + 6q + 9]
+ 24(p* + pq + llp + 10g + 6)}d* + 4DHD*p + q)’
+ 4p + 4q + T] + 4D¥]6(p + q)2 + 13p + 13q + 13] + 16p(3p + 4q)id’
+ D[(p+qP+2p+2q+ 5]d]. 2.3)
Proof: Memon and Okamoto (7) use the ¢,(6)= E[E{exp[— 9(2D)“(i + D2)]|n‘}],
Fourier iransform to obtain the distribution 24
of D~(W — {D?); the limiting distributionof  yhere 9 = —it and E indicates expectation

W s N(@D?, D?) as (}) €x,. Following the

same approach the characteristic function of
I

(2D)"'(Z + D?)is

N

7
TN+ 1

z

:N+1
:—ZN\;/’
N+ 1

(2.4) can be written as

w.r.t. joint distribution of (X,, X,, ¥, ¥», S).
With N, = N, = Nas

[ - %y ST — &) — G — &) $'G — )]

(281 — F)— (Rf + X3 SR — X))

2.5)

[

where ¢ is the same function as 4.1 of the
paper (7). So, ¢(—6N/N + 1) can be derived
from there by changing 6 to —6N/N + lin

S(—ON/(N+ 1)) = (1 + A/4N + B/SN? + .. ) /"Nt

o [( ) E2) - o))

— DN G(—ON/(N + 1))

@.6)

the expression for the asymptotic expansion
of ¢(0). We find that on simplifying,

Q.7
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AHMED zoGo MEMON:

1. INTRODUCTION the agditional information y in replacing
Xbyx = x _ By in the statistic 7 where 3
isa Sample estimate of regression matrix Bof

Xxony. According to this the modifieq cri-

Suppose we have an observation x from
one of two p-variate populations N, = )
and N (g, 2,1) where the Parameters

My py and £, are unspecified byt Z,, I8 posi- terion s

tive definite. Given independent random i - N, (;(k — xFyS (;(k 5
samples from thege Populations, the problem N, + 1

of classification of X into its relevant popula- N, *

. . R _ 2 (X—)_(*)'S"( ‘-*) (1 l)
tion can be tackled by using the discriminant m 272 (X —~ X¥), .

(3, 4) and studied by Memon (6), Memonand and the procedure of classiﬁcati;kon proposed
Okamoto (8). Sometimes there occur situa- by hiT is to assign (ton, ifz £ O0andto
tions in texanomica] problems whep in 1, if Z > 0, where XFf= X — gyi, =8
addition to the knowledge of discriminators, S;i, %, and ¥; denote the sample means, and

information jg available on z Covariate y S=35, - S8 S,, with
whose mean ig known to be the same in both
multivariate populations 7y and n,, that is, S = <S” S'Z>
X, . M, SZI SZZ
< ')has Population 7, N[( '>, Z], ) .
¥i v as the best unbiaged estimator of 3. Memon
1= 1,2, where i, yp) = (Xins o %, . and Okamoto (7) study properties of the
Yipeis -y p+a) and the covariance matrix \;\‘/ statistic and 81ve asymptotic €Xpansions
5 Z, zZ, of its distribution function and probabilities
- < 3, 222> of misclassification that arise in using it. This
paper follows the Same approach in studying
IS positive definite. Let the Z statistic when the sample from each
X;, g Population hag the same size N, and thus
(y“>’ e ’(Y.'N,) =12 extends the case N=N,=N of the paper

by including the informatiop on covariate in
the discriminant function,

like as in Cochrap and Bliss (1), to utjlize 2. THE MAIN RESULT

We can easily see that asN, N, o, the
*
. co . , ,
' Associate Professor, Statisticg Department, Faculty hmiting distribution _Of Zis N(-D? 4p )
of Economics and Commerce, University of Garyounis. or N(D?, 4D?) according as (;) €7, or x,, D2
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